An analysis of a circular thin-foil gage is presented that includes transient effects, convective heat transfer, and an arbitrary time-varying boundary condition at the foil edge to account for fluctuations in cooling water temperature. The governing energy equation is solved using Laplace transform to obtain the temporal and spatial temperature distributions of the foil. Under constant temperature at the foil edge and constant thermal radiative heat flux, closed-form response curves for the gage under various modes of heat transfer are provided. Steady-state results are also presented as limiting cases.
Introduction
In 1953, Gardon [1] developed a circular thin-foil gage to measure thermal radiation and provided a simple steady state heat conduction analysis to describe the operation of the gage. Since then circular thin-foil gages, sometimes referred to as Gardon gages named in honor of Gardon, have been used extensively in fire research and testing [2] , solar radiation measurements [3] , and other aerospace applications [4] . A cross section of the gage is depicted in Figure 1 . The gage sensing element is made from constantan metal foil in the form of a circular disk and is attached to a water-cooled constant-temperature copper ring. When the incident heat flux strikes the foil, the energy absorbed by the foil diffuses radially toward the outer circumference of the foil and into the copper ring acting as a heat sink, causing a temperature difference between the foil center and the edge. The temperature difference, which is measured using a differential thermocouple, can be related to the incident heat flux.
Analytical studies have been reported in the literature to examine various aspects of the thin-foil gage operation and performance. Gardon [1] originally modeled the gage by treating it as a onedimensional steady-state heat conduction through the foil in the radial direction to obtain the temperature distribution in the foil with an applied uniform thermal radiative heat flux on the foil. Malone [4] used a one dimensional steady-state formulation to analyze convective heat transfer to or from a radiantly heated foil and heat loss down the center wire. Ash [5] studied the transient response characteristics of thin-foil heat flux sensors under thermal radiative or convective environment. Kirchoff [6] provided a two-dimensional transient heat conduction analysis on the foil to study the effect of foil thickness on the gage response without considering heat convection. A one-dimensional transient heat conduction model was developed by Keltner and Wildin [7] to examine transient response of the gages. Borell and Diller [8] , Kuo and Kulkarni [9] , and Fu et al. [10] expanded the steady-state analysis of Gardon [1] by including convective heat transfer at the foil surface and provided calibration corrections for convective heat transfer. Recently, Fu et al. [11] applied the Duhamel theorem to study Gardon gage exposed to fast heat flux transients.
Here the analysis is expanded to include transient effects, convective heat transfer, and the timevarying heat-sink temperature to reflect fluctuations in cooling water temperature. However, we still limit our analysis to one dimension in the radial direction of the foil exposed to a constant radiative heat flux.
Formulation and Analysis
Assuming no heat conduction loss along the copper wire at the center of the foil, no convective heat transfer on the backside of the gage, and constant thermophysical properties of the foil, the energy equation for the foil is
with the following initial and boundary conditions I.C.:
The boundary condition (B.C. 2) at R r = reflects an arbitrary time-varying heat-sink temperature.
Introducing the following dimensionless variables:
, and
I.C.:
Equation (2) 
The general solution to Eq. (3) 
The first two inverse Laplace transform terms on the right-hand side of Eq. (6) can be easily obtained.
The fourth term on the right-hand side of Eq. (6) can be evaluated as follows. From
Stephenson [12] ,
where ,...... , , , 
The last term on the right-hand side of Eq. (6) can now be obtained using the convolution theorem [13] and Eq. 
Equation (16) can be expressed as
Equation (18) is the same equation derived and used by Ash [5] and Keltner and Wildin [7] to study the transient response of thin-foil gages. Figure 2 shows the response curve of {
as a function of τ at various * Q and 0 = * Nu . In obtaining the results in Figure 2 , only the sum of the first five terms in the series is needed to achieve convergence.
The above equation was first derived by Gardon [1] . From Eq. (19), 
Equation (21) was used by Gardon [1] to obtain thermal radiative heat flux from temperature difference measurements between the foil center and edge and to analyze the performance of the gage. 
and
It is interesting to compare our results to Ash's work [5] . The corresponding equation derived by Ash [5] and expressed in terms of the dimensionless variables used in the current work is 
It is worth pointing out that the corresponding equation derived by Kuo and Kulkarin [9] and expressed in terms of the dimensionless variables used in the current work is ] ) ( 
and Figure 4 shows the response curve of { }
as a function of τ at various * Nu and 2 = * Q and 2 = θ ∞
. Within the range of * Nu used in this study, the effect of convective heat transfer on the gage measurement is not significant. 
Again, using the identity shown in Eq. (25), it can be easily shown that the steady-state temperature difference at the foil center and edge calculated using Eq. (31) and that of Kuo and Kulkarni [9] , Eq. (32), are identical. Figure 5 shows the steady-state dimensionless temperature difference at the foil center and edge calculated using Eq. (31) as a function of * Q at various * Nu and 2 = θ ∞ .
Remarks on Calibration
Gardon gages are normally calibrated under steady-state conditions using prescribed incident radiative fluxes from a radiative heat source. If the gage is used in a purely convective or a mixed convective and radiative environment, correction to the calibration is needed. The correction can be obtained by equating the calibrated response of the purely radiative case to the measured response of the purely convective or the mixed cases.
Equating Eq. (21) 
